We consider antisymmetrized versions of 2-dimensional quantum plane, q-deformed Euclidean space with three or four dimensions as well as q-deformed Minkowski space. For each of these quantum spaces we provide q-analogues for elements of superanalysis, i.e. Grassmann integrals, Grassmann exponentials, Grassmann translations and braided products with supernumbers. *
Introduction
Quantum spaces, which are defined as comodule algebras of quantum groups [1, 2, 3, 4, 5, 6, 7, 8] , could provide a proper framework for reformulating physical theories in a non-commutative setting [9, 10, 11] . In our previous work [12, 13, 14, 15, 16] we have concerned ourselves with symmetrized versions of quantum spaces which could be of particular importance in physics, i.e. 2-dimensional quantum plane, q-deformed Euclidean space with three or four dimensions as well as q-deformed Minkowski space. To be more precise, we have presented explicit formulae for ⋆-products, representation of symmetry generators and partial derivatives, q-integrals, q-exponentials and q-translations. In [17] , however, we have started showing that these ideas carry over to antisymmetrized quantum spaces as well. Our goal now is to continue our programme for developing q-superanalysis in those spaces by providing also explicit formulae for q-analogues of Grassmann integrals, Grassmann exponentials, Grassmann translations. In addition to this we are going to present formulae for braided products with supernumbers telling us in which way q-deformed superspaces are fused with other quantum spaces.
Before doing this let us recall that at a first glance an antisymmetrized quantum space is an algebra generated by coordinates θ 1 , θ 2 , . . . , θ n which are subject to
whereR denotes a representation of the underlying universal R-matrix. Additionally, on each antisymmetrized quantum space exist two covariant differential calculi [18, 19, 20] with Leibniz rules
where g ij denotes the corresponding quantum metric. However, there is another point of view which is rather powerful in dealing with quantum spaces. For this approach we have to recall some basic aspects of category theory. A category for our purposes is just a collection of objects X, Y, Z, . . . and a set Mor(X, Y ) of morphisms between two objects X, Y such that a composition of morphisms is defined which has similar properties to the composition of maps. In particular, we are interested in tensor categories. These are categories that have a product, denoted ⊗ and called the tensor product, which admits several 'natural' properties such as associativity and existence of a unit object. For a more formal treatment we refer the interested reader to the presentations in [21] , [22] , [23] or [24] Essentially for us is the fact that the representations (quantum spaces) of a given quasitriangular Hopf algebra (quantum algebra) are the objects of a tensor category, if the action of the Hopf algebra on the tensor product of two quantum spaces is defined by 1
In this category exist a number of morphisms of particular importance. First of all, for any pair of objects X, Y there is an isomorphism Ψ X,Y :
for arbitrary morphisms f ∈ Mor(X, X ′ ) and g ∈ Mor(Y, Y ′ ) and the hexagon axiom holds. This hexagon axiom is the validity of the two conditions
A tensor category having the above property is called a braided tensor category. Furthermore, for any algebra B in this category there are morphisms ∆ : B → B⊗B, S : B → B and ε : B → C forming a braided Hopf algebra, i.e. ∆, S and ǫ obey the usual axioms of a Hopf algebra, but now as morphisms in the braided category. To sum up under suitable assumptions our quantum spaces can also be viewed as braided Hopf algebras. To get a deeper unterstanding of these ideas we recommend the reader to consult [23] and [25] .
The point now is that the coproduct for the coordinates tells us how to translate supernumbers [26, 27, 28, 29] . For this to become more clear we consider the coproduct of single coordinates, i.e.
Since ∆ is an algebra homomorphism and since the θ i live in a module coalgebra, i.e.
and
where h denotes generators of a symmetry algebra, the ∆(θ i ) show all algebraic properties of the θ i , given that the following tensor product formula holds:
On these grounds, it makes sense to identify the coproduct with translations. Now let us make contact with another important ingredient of our braided tensor category. For this purpose we suppose that our category is equipped with dual objects B * for each algebra B in the category. This means that we have a dual pairing
where {e a } is a basis in B and {f a } a dual basis in B * . This allows us to introduce an exponential map [9] . Thus, the exponential is given by the map
To make this concrete, we recall, that it was shown in [10] that there is such a duality pairing of Grassmann variables and corresponding partial derivatives. Explicitly, we have
If we want to derive explicit formulae for q-exponentials our task is therefore to determine a basis of M ∂ . Inserting the elements of these two bases into the formula (10) will then provide us with explicit expressions for the exponentials.
Finally, it should be noted, that the partial derivatives can act on the Grassmann variables in four different ways, i.e. by right-action, left-action and their conjugated counterparts. For this reason there are four possibilities for defining a pairing between Grassmann variables and derivatives. More concretely, we can distinguish the pairings
where∂ i θ differs from ∂ i θ by a normalisation factor, only [17] . Clearly, each of these pairings will lead to its own exponential.
Last but not least we would like to say a few words about the braiding of supernumbers. As it is well-known the braiding of single Grassmann variables can be described by the L-matrices [30, 26] , since we have
A realization of these L-matrices in terms of symmetry generators and scaling operators was given in [17] . Furthermore, it should be apparent that the braiding of a supernumber can always be reduced to that of the single Grassmann variables. From this we conclude that the braiding of a supernumber with an object living in another quantum space is calculable as soon as the action of the symmetry generators and the scaling operators on that quantum space are known.
2-Dimensional quantum plane
In [17] we have dealt with partial derivatives on the antisymmetrized 2dimensional quantum plane 2 . Especially, we have found for their action on supernumbers of the general form 3
With these identities at hand we are able to introduce the notion of a leftsuperintegral. In complete analogy to the undeformed case we define
This integral shows the same properties as its classical counterpart. Thus, it is linear, normed and translationally invariant. Linearity is clear because of the linearity of the derivative and the other two properties follow from its very definition, since we have
2 For its definiton see appendix A 3 Notice that we have taken the convention to indicate the underlying normal ordering by the way in which coordinates are arranged in the symbol for the function We could also have started our considerations with the conjugated partial derivatives whose representations are linked to those in (16) via the correspondence
where α ′ = 3 − α and the symbol α↔α ′ q↔1/q ←→ denotes a substitution given by
The corresponding superintegral now becomes
It is straightforward to show that
Let us recall that differentiation may act from the left or the right of a supernumber. The left and right derivative are related to each other by
where α ↔ α ′ stands for the transition
Now, we can proceed in very much the same way as was done for left derivatives. This way we introduce
These definitions lead immediately to
Finally, let us mention that right and left superintegrals transform into each other by conjugation, since we have
The last two identities follow most easily from the observation that
where indices are raised and lowered by the quantum spinor metric (see appendix A). As a next ingredient for superanalysis we will come to the q-deformed superexponential. For its calculation we need to know the dual pairing between partial derivatives and coordinates. Explicitly, we have as nonvanishing expressions
From the above result we can read off the basis elements being dual to each other. With this knowledge at hand we are able to write down the explicit form of the superexponential, i.e.
Repeating the same steps as before for the conjugated partial derivative we obtain
which establishes the correspondence
where the symbol
Comparing these results to those for left derivatives shows us the existence of the crossing symmetries
where α↔α ′ ←→ indicates one of the following two substitutions:
Next, we would like to deal with Grassmann translations. As was pointed out in [16] translations on quantum spaces are described by the coproduct, which reads for the spinor coordinates [17] 
where τ, T + andΛ denote generators of U q (su (2)) and a scaling operator, respectively. Now, we can follow the same line of arguments as in [16] . This way we first read off from the coproduct
the explicit form of the right and left coordinates, which are defined by
Using the commutation relations between symmetry generators and Grassmann variables [17] , it is straightforward to show that
Thus, the Grassmann translation of a supernumber becomes
In order to introduce translations in the opposite direction we need to consider the antipode of the spinor coordinates given by [17] 
One should notice that the above relations are nothing other than the realization of a braided antipode on an ordinary Hopf algebra [31] . Due to this fact it is necessary to commute all symmetry generators to the left of all spinor coordinates before we take the counit of all symmetry generators. In this manner, we get
The last result allows us to introduce the following operation on supernumbers:
Applying the above considerations to the opposite Hopf structure given by
So we find as operations on arbitrary supernumbers
From what we have done so far we can easily derive the crossing symmetries
with the transition symbol having the same meaning as in eqn. (32) . Finally, let us mention that the corresponding expressions resulting from the unconjugated Hopf structure (listed in [17] ) are also derived most easily by the transformation rules
←→ ∆R, SR, ⊕R, ⊖R. 4 Right and left coordinates are now defined by θ α l = θ β ⊗ (LL) α β and θ α r = 1 ⊗ θ α .
In dealing with supernumbers it is often necessary to know their commutation relations with objects living in other quantum spaces. For this reason let us recall that the braiding of the Grassmann variables θ α is completely determined by the L-operators in eqn. (40). Thus we can conclude that the braided product including a supernumber takes on the form
and likewise for the L-operators referring to the conjugated Hopf structure. Notice that in the last two identities summation over all repeated indices is to be understood. After substitution for the L-operators and then rearranging, it follows that
What remains to do is to find the actions of the symmetry generators on g. However, this task has been mainly done in [13] and [17] .
Grassmann integral by
where the action of the partial derivatives has been calculated in [17] . Again this definition has the consequence that
As usual, translation invariance is given by
The corresponding expressions arising from the conjugated differential calculus are obtained from the above ones most easily by applying the substitutions
where we have introduced indices with bar by setting (+,3,−) = (−, 3, +).
For this substitution to become more clear we give as an example
Next we come to the exponential. From the pairings
we can read off for the exponential an expression which is the same as in the undeformed case:
In complete accordance with the considerations of the previous section we have found as crossing symmetries
The symbol +↔− q↔1/q ←→ now denotes a transition via
←→ stands for one of the following two substitutions:
Now we concentrate our attention on the Hopf structure of the Grassmann variables. With its explicit form given in [17] we can show that on a basis of normally ordered monomials the expressions for the coproduct become
These results are consistent with the antipodes
Making use of the crossing symmetries
we are able to find the corresponding expressions for the other types of Hopf structures. Now, the explicit form of the braided addition law for supernumbers should be rather apparent from what we have done so far. Thus it is left to the reader to write down the explicit form of the operations ⊕ and ⊖. We conclude this section by presenting explicit formulae for the braided product with supernumbers. For a supernumber of the form
where θ k shall denote monomials of ordering θ + θ 3 θ − , we have
where
4-Dimensional q-deformed Euclidean space
All considerations of the previous section pertain equally to the antisymmetrized Euclidean space with four dimensions. For its definition and some basic results used in the following we refer the reader to appendix A and [17] . To begin, we introduce Grassmann integrals by
Using the explicit form for the action of the partial derivatives [17] , one then arrives at
In the same way one readily proves translation invariance, i.e.
Applying the substitutions
to all of the above expressions yields the corresponding identities for the conjugated differential calculus. From the dual pairings
we can deduce for the exponential
The other types of pairings and exponentials correspond to the above expressions through
where +↔− q↔1/q ←→ symbolizes the transition
and +↔− ←→ stands for one of the following two substitutions:
As we already know, Grassmann translations are determined by the explicit form of the coproduct, for which we have found
where l = 2, 3 ; (j, k) ∈ {(1, 2), (1, 3), (2, 4) , (3, 4) }.
For the sake of completeness we finally write down the expressions the accompanying antipode gives on the same basis of normally ordered monomials:
The formulae for the other types of Hopf structures follow from
Last but not least we list the expressions for the braided products of supernumbers. In general, we have
, and the operators we have introduced are specified by
,
q-deformed Minkowski space
In this section we would like to build up a superanalysis on the antisymmetrised q-Minkowski space, although the physical meaning of such un undertaking is not quite clear. Again, we start with the introduction of Grassmann integrals:
− θ = f −,3/0,3,+ . A direct calculation using the explicit form for the action of partial derivatives on supernumbers [17] , shows that
In the same way we can prove translation invariance given by
Performing the substitutions
Additionally, we have the well-known crossing symmetries expressions through
dering θ + θ 3 θ 3/0 θ − . Furthermore, we have again the crossing symmetries
Finally, let us write down expressions for the braided product concerning a supernumber
where θ k stands for a monomial of ordering θ + θ 3/0 θ 0 θ − . This braided product can be calculated from
− q 3 T + (τ 1 ) 2 σ 2 + q 2 (T 2 ) 2 S 1 + q 7/2 λ 2 T 2 (S 1 ) 2 + q 7 λ 2 T + T 2 τ 1 S 1 ) + f 3/0,0− ((τ 1 ) 2 σ 2 − q 4 λ 2 T 2 τ 1 S 1 )), 
Remarks
Let us end with a few comments on our results. In the last four sections we have provided q-analogues for elements of superanalysis. In doing so we have realized that Grassmann integrals, Grassmann exponentials and Grassmann translations can be constructed in complete analogy to the classical case. That this analogy is a really far reaching one can also be seen from the fact that translation invariance of our integrals is equivalent to rules for integation by parts:
For this to become more clear, one has to notice that
(f ⊳ ∂)g = [f (∂ (1) ⊲ g)] ⊳ ∂ (2) .
Furthermore, it should be stressed that translation invariance of our Grassmann integrals can be alternatively expressed as
= f (θ)d n L θ,
The above statements are proven in a straightforward manner. Finally, let us make contact with a q-analog of a δ-function from which we require to hold: 
It is not very difficult to show that these requirements are satisfied by a) quantum plane 
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A Quantum spaces
In this appendix we list for the quantum spaces under consideration the explicit form of their defining relations and the nonvanishing elements of the quantum metric. The coordinates of 2-dimensional antisymmetrized quantum space fulfill the relation [32, 33] 
The q-deformed spinor metric is given by a matrix ε ij with nonvanishing elements ε 12 = q −1/2 , ε 21 = −q 1/2 .
